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The Degree of Epistemic Justification and the Conjunction Fallacy

Tomoji Shogenji

Abstract This paper describes a formal measure of epistpsiification motivated by
the dual goal of cognition, which is to increaseetbeliefs and reduce false beliefs. From
this perspective the degree of epistemic justificashould not be the conditional
probability of the proposition given the evidenas,it is commonly thought. It should be
determined instead by the combination of the comutd probability and the prior
probability. This is also true of the degree ofremoental confirmation, and | argue that
any measure of epistemic justification is also asoee of incremental confirmation.
However, the degree of epistemic justification muset an additional condition, and all
known measures of incremental confirmation faieet it. | describe this additional
condition as well as a measure that meets it. Hpempthen applies the measure to the
conjunction fallacy and proposes an explanatiotmeffallacy.
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1. Justification and Confidence

This paper examines the degree of epistemic jaatiin (hereafter simply “degree of
justification”) for accepting or rejecting propasits from the perspective of the dual
goal of cognition, which is to increase true baliahd reduce false beliefs. To be a little
more precise, when we add propositions to our lmbdheliefs, the dual goal is to
increase true beliefs but not to increase falsietseMhen we remove propositions from
our body of beliefs, the dual goal is to reduceddleliefs but not to reduce true beliefs.
Whether we are adding or removing propositionsgibed must have two components for
obvious reasons. It is easy to increase true kelgdlieve everything you can think of,
including negations of what you already believal aaver abandon any beliefs. But, of
course, we end up with numerous false beliefs, wisainacceptable. It is also easy to
reduce false beliefs: Abandon all beliefs and dtorin any new beliefs. But then we end
up with no true beliefs, which is also unacceptables challenge is to balance the two
demands. I will focus on cases of adding propas#tim our body of beliefs, which is
more straightforward than removing propositionsrfra tangled web of existing beliefs.
The relevant goal of cognition is then to incretige beliefs but not to increase false
beliefs. In this section | argue that when we ustdard epistemic justification from this
perspective, we must reject the common view thedigree of justification for
accepting a proposition is its probability.

To express the common view a little more precidily,degree of justification for
accepting the propositidmgiven the evidence (based on the background assumption
b—this is suppressed in the following discussiorthes conditional probability di given
e, or P(hje). It may seem that this view can take accounhefdual goal of cognition. If
we only care about increasing true beliefs, welseprobabilistic threshold of
justification at the lowest possible level, viz. s justified in acceptingif and only if
P(hle) = 0, and accept any propositions we can think ofzdfonly care about not
increasing false beliefs, we set the thresholdekegt the highest possible level, viz.
P(hle) = 1, and reject all but absolutely certain proposii Since neither approach
serves the dual goal of cognition well, we setttitesholdt somewhere in between,
depending on our degree of risk aversion—perhapsmsideration of the pragmatic
context. However, it is well known that this viesvin conflict with an intuitive principle
about conjunction, viz. if we are justified in aptiag each conjunct, then we are justified
in accepting their conjunction. The conflict arigegause it is possible for any non-
trivial probabilistic threshold (i.e.t # 0, 1) thatP(hile) = t, ..., P(hy|e) =t butP(h, O ...
[Ohple) <t. When this happens, and if we apply the commow Wt the degree of
justification is the conditional probability, there are justified in accepting each of the
propositionshy, ..., hy but not their conjunctioh, O ... Oh,. This is a violation of the
intuitive principle. The lottery paradox (Kyburg@B) and the preface paradox
(Makinson 1965) are good illustrations of the difity, but | want to present the problem
in a different way to focus on what | take to be tore issue.

Consider the seéd = {hy, ..., hy} of probabilistically independent propositions. To
put it informally, these propositions have nothioglo with each other. The proposition
h; could be about the demise of the Roman Empirdgevthe propositiorn, could be
about the salmon’s immune system, and so forthis lasisume that they remain
probabilistically independent given the body ofalhilable evidencethat is relevant to



these propositionsGiven their mutual irrelevance, one would exphbat provided we
are justified in accepting each of them, we aréfjad in accepting all of them. Here is
the reasoning. Assume that we are justified in ptticg each member &1, and consider
h; alone, first. We are justified in acceptingbecause we are justified in accepting each
member oH. Next we considel,. Sinceh; andh, are mutually irrelevant, we can
evaluateh, independently of our acceptancehef So, we are justified in acceptihg
because we are justified in accepting each mentflddr the same reasoning applies to
hs, hs, and so on. As a result, we are justified in atogpll the propositionhy, ..., hy.

Notice that one forceful response to the lottempgdax does not apply to the
present case. When the individually acceptablegsitipns are jointly inconsistent as in
the lottery paradox, it could be plausibly argueat tve can accept eachhaf ..., hy by
itself, but not all of them together, i.e. we canacceptH = {hy, ..., hy} as a set. But this
suggestion makes sense only if there is inconsigter at least some tension—among
the propositionsy, ..., h, while we are assuming in the present case thairtdpositions
involved are mutually irrelevant. This allows usetluate each proposition
independently even if we have already accepted st propositions, so that if we
are justified in accepting each member, we aréfigdtin accepting the set.

Some people may question the final move from tleepiance of the seét = {h;,
..., hy} to the acceptance of the conjunction ... [0h, becausd(h; [J... Ohyle) can be
extremely low when the number of the conjunctairge. How can we be justified in
accepting a proposition that is almost certainlgd@a My response is twofold. First, there
is no difference between accepting alhgf..., h, together and accepting their
conjunctionh; ... Oh,. Once we accept all the conjuncts together,unigasonable
not to accept their conjunction. Second, we shdidtinguish the degree of justification
from the degree of confidence. The subject of pliser is the degree of justification
motivated by the dual goal of cognition, whichadncrease true beliefs and reduce false
beliefs. The degree abnfidence serves other purposes, most notably the calculafio
the expected utility.In order to play that role, the degree of confitieshould be
proportional to the probability. So, in any non4al case where 0 R(h, O ... Ohple)
andP(hsle), ..., P(hyle) < 1, we should be lessnfident in the conjunctiorn, (I ... (O h,
than we are in any of the conjuntits ..., h,. However, that does not mean that we are
less justified in accepting the conjunction thanase in accepting any conjunct. It is true
that accepting the conjunction is riskier than atiog a conjunct because the
conjunction has a lower probability than any cogjuBut this higher risk is
counterbalanced by the greater potential gainue breliefs. From the perspective of the
dual goal of cognition, the risk of adding falsdiéfs is not the sole determinant of the

! The evidence consists o&,, ..., &, that respectively suppdt, ..., h,. The propositions,, ..., h, are

still probabilistically independent on conditioneprovidede,, ..., &, are probabilistically independent.
Note that this does not entail that ..., h, are probabilistically independent on condition-@fas well. If
they are, the case becomes trivial because theTFm@rem (Reichenbach 1956, Section 19) applies.

2 It is not part of my claim that this distinctiomin accord with the everyday use of the terms
“justification” and “confidence”. My project in thipaper is to formulate a measure of justificathat
serves the dual goal of cognition. | do not object to the use of the term “justifioa” for a broader concept,
which may encompas®nfidence and some other features suctstability (Joyce 2005), but that will be a
different concept suitable for different purposes.



degree of justification—the potential gain in thiefs is also a factor. Once we
distinguish the degree of justification from theycke of confidence in this way, the
common view that the degree of justification is t@ditional probability of the
proposition given the evidence loses its appeatnif/ithe conditional probability is low,
we may still be justified in accepting the propimsitif the potential gain in truth is
sufficiently high.

2. Formalizing the Risk and the Potential Gain

This section formalizes the two factors that aftbet degree of justification—the risk of
adding false beliefs and the potential gain inhtftliefs—in probabilistic termFirst,

the risk of increasing false beliefs is inversalated to the conditional probability of the
proposition given the evidence. The higher the @vog makes the probability of the
proposition, the lower the risk of increasing fatediefs. Since the risk of increasing

false beliefs is inversely related to the degregistification, the conditional probability

of the proposition given the evidence is direcigditively) related to the degree of
justification. There is no surprise here. The oflaetor, the potential gain in true beliefs,
may seem less clear. Obviously, we cannot simpiyntthenumber of potentially true
beliefs. Adding the séd = {hy, ..., h,} to our body of beliefs is no different from addin
the singletorH* = { h; [0 ... O h,} though the former contains many more propositions
and hence many more potentially true beliefs. Aersmnsible approach is to measure the
potential gain in true beliefs by the amount obmfiation the proposition (or the
conjunction of the propositions if a set of propiosis is added) carries. Since the amount
of information the proposition carries is inversedjated to itgrior probability, we can
capture the potential gain in true beliefs in pholstic terms.

We can see the inverse relation between the anodumformation and the prior
probability in two steps. First, the degreespdcificity is directly (positively) related to
the amount of information. The more specificallg firoposition describes the world, the
larger amount of information it carries. Secon&, degree of specificity is inversely
related to the prior probability. The more speailig the proposition describes the world,
the lower its prior probability is. By combiningabe two steps, we see that the amount of
information that the proposition carries is invéygelated to its prior probability. Further,
since the amount of information the propositiorriearis directly (positively) related to
the degree of justification, the prior probabilafithe proposition is inversely related to
the degree of justification. To express this motaitively, if the level of risk is the same
(if the conditional probability of the propositi@iven the evidence is the same), a
proposition that describes the world more spedlfiqand thus has a lower prior
probability) is more worthy of adding to our bodiybeliefs because the per-unit-of-
information risk is lower.

We put all these together to state that the degfrgestificationJ(h, e) for the
propositionh given the evidenceis directly (positively) related to the conditidna
probabilityP(h|e) and inversely related to the prior probabifgh). Note that under this

% See Huber (2008a; 2008b) for a similar two-faeqoproach to the formal assessment of scientifiortas.
Huber calls the two factors “plausibility” and “mmativeness”.



conception the degree of justification looks mukh the degree of incremental
confirmation (hereafter simply “degree of confirmat). There have been many
proposals in the literature to formally measuredbgree of confirmation. Here | mention
only two of them, the difference meas@g(h, €) and the ratio measux(h, e):

Co(h, €) = P(h|e) - P(h)

g = 2019

In both measures, the degree of confirmation isatly (positively) related to the
conditional probability and inversely related te tbrior probability, and that is the way it
should be for any plausible measure of confirmation

The question arises at this point whether the degfgustification is simply the
degree of confirmation. The question has two p#étijswhether an additional condition
exists that the degree of confirmation should 8ahst the degree of justification need
not, and (2) whether an additional condition exilstg the degree of justification should
satisfy but the degree of confirmation need not mbxt section addresses these two
guestions.

3. Justification and Confir mation

There is a general consensus in the literaturarteddition to being an increasing
function of the conditional probability and a dexsig function of the prior probability,
the degree of confirmation should have a constaatral valuek whenP(h|e) = P(h),
regardless oP(h). The idea is that when the eviderdeas no impact on the proposition
h and thudP(h|e) = P(h), the evidence neither confirms nor disconfirmes pinoposition.
So, the degree of confirmation in such cases shueilthe same, regardless of the prior
probability of the proposition. Let’s call this idigement the equi-neutrality condition.
The equi-neutrality condition is satisfied by aflldewn measures of confirmation. For
example, the conditioR(hje) = P(h) makes the difference meas@g(h, €) = P(h|e) —
P(h) constant at zero; it makes the ratio meagi#e, €) = P(h|e)/P(h) constant at one.
We can adjust any measure of confirmation to mhkeneutral value zero by subtracting
the constant valulefrom it.* For example, if we subtract one from the ratio soee, the
new measur€g*(h, €) = P(h|e)/P(h) — 1 has its neutral value at zero. So, | willuaise
hereafter that the neutral degree of confirmatsorero, i.eC(h, €) = 0 whenP(hle) =
P(h).

| want to argue in this section that the degrejusification should also satisfy
the equi-neutrality condition—i.&(h, €) = 0 whenP(h|e) = P(h), regardless dP(h). In
other words, although there is an additional cooi(beyond being an increasing
function of the conditional probability and a dexsig function of the prior probability)
that the degree of confirmation should satisfy,dbgree of justification should also

* The obtained measu*(h, €) = Cx(h, €) —k is ordinally equivalent to the original measui@(h, €), i.e.
for any two pairs <y, &> and <h,, &>, Cx*(hy, &) > (=, <)Cx*(hy, &) if and only ifCx(hy, &) > (=, <)
Cx(h,, &). For many purposes, ordinally equivalent measareessentially the same measure.



satisfy it. The basis of my argument for the eqeurmality of justification is the case of
conjunction mentioned in Section 1, namely: If gnepositionshy, ..., h, are
probabilistically independent, both unconditionalyd conditionally given the evidence
e, and if each of them is justified by the evideedwith regard to some threshold degree
t), then so is their conjunctidn O ... Oh,.> The converse should also hold: If the
propositionshy, ..., h, are probabilistically independent, both uncondidiby and
conditionally given the evidenae and if each of them is not justified bywith regard

to some threshold degréethen neither is their conjunctidn [ ... [Th,. | call the
combination of these two conditions the Generalj@uetion Requirement (GCR).

An immediate consequence of GCR is the following&g Conjunction
Requirement (SCR): If the propositiohs ..., h, are probabilistically independent, both
unconditionally and conditionally given the evidemgcand if each of them is justified to
the same degrgethen so is their conjunctidn O ... Oh,. | show here that GCR entails
SCR by proving its contraposition. Suppose mead{ine) of justification fails to satisfy
SCR, and thus for some evidereand some probabilistically independent (both
unconditionally and conditionally gives) propositiondy, ..., h,, J(hy, €) = ... =J(h,, €)
=jbutd(hy ... Ohy,, €) =) + afor somea # 0. We can see thdfh, e) violates GCR as
follows. If a> 0, then let =] + a, so that each dfy, ..., h, is not justified bye but their
conjunctionh; ... Ohyis. If a< 0, then let =j, so that each df, ..., hy is justified by
e but their conjunctiom; [J ... Th, is not. Either way, GCR is violated. So, GCR datai
SCR. Further, if we assume thigh, e), which is of the forn=(P(h|e), P(h)), is a
continuous function (hereafter this is assumedn tBCR entails equi-neutrality (see
Appendix 1 for proof). Putting all these togethee, conclude thai(h, €) should satisfy
the equi-neutrality condition singgh, e) should satisfy GCR, which entails SCR, which
in turn entails equi-neutrality.

This result may look suspect. When the evidenaectdtheitheh; norh,, are we
no more justified in acceptirty than in accepting, even ifh; is almost certainly true
while h; is almost certainly false? My response is agagndilstinction between the
degree of confidence and the degree of justificatie should certainly have more
confidence irh; than inh, whenP(h;) is higher tharP(h,), but it does not follow that we
are more justified in acceptirig than we are in acceptirtng. Thoughh;, is more likely to
be false thai, is, the higher risk is offset by the greater ptgtmain we make ih,
turns out to be true becausg whose prior probability is lower, carries moréimation
thanh; does. So, if the degree of justification is tovegihe dual goal of cognition, it is
not unreasonable to assign the same degree dfgatitin toh; andh,.”

® | assume that we can draw different thresholdsiffierent contexts, but that the choice of the shid
does not affect the degree of justification. Seyéfare more (equally, less) justified in believorge
proposition than another, merely changing the tiokeklevel does not change it.

® The existence of the neutral value may prompstiggestion that the threshold of justification musst
positive, i.et > 0, so that we will not be justified in believihginless there is positive justification. If we
choose to restrict the range of the threshold, @©RId be of the form “for some threshdld 0” instead
of “for some thresholdl” The restricted version of GCR entails the reséd version of SCR whose
condition is “if all the conjuncts have the sapusitive degree of justification.”

" Equi-neutrality of epistemic justification can éaim the intuition that in the absence of somedasi
information we cannot assert that a given lottaret does not win even if the probability for that



To summarize what we have uncovered so far, tgeedeof justification for the
propositionh given the evidenceis directly (positively) related to its conditidna
probabilityP(hle) and inversely related to the prior probabiigh). Further, the degree
of justification should also satisfy the equi-nality condition—i.e.J(h, €) = 0 when
P(hle) = P(h), regardless dP(h). Since these are the standard requirementsrfeasure
of confirmation, a measure of justification is also a measurenfimation® However,
the converse is not true. Not all plausible measofeonfirmation can serve as a
measure of justification because the latter musifgahe General Conjunction
Requirement (GCR), while there is no reason toireghat a measure of confirmation
should satisfy GCR. Indeed none of the many measfreonfirmation proposed in the
literature satisfies GCRSo, none of them is a measure of justification. Wed to
formulate a new measure of confirmation that m&«g.

4. Formal M easur e of Justification

This section describes a formal measlfhe €) of justification for the propositioh given
the evidence. In order to facilitate the task, | want to delerone further consequence
of GCR. We saw in Section 3 that the degree offjoation should be equi-neutral. It
turns out that the degree of justification shoutwbdeequi-maximal. It is obvious
already that for any giveia(h), J(h, €) should be the highest whéhle) = 1 becausé(h,
e) is an increasing function &f(hje). Equi-maximality requires further that this highe
value should be constant, regardlesB@j. Intuitively, this means that when the
evidences makes the propositidmcertain, we are justified in acceptihgo the highest
possible degree, regardless of the prior probgimfih.'° This is a sensible thing to say
about the degree of justification, but it is alscoasequence of SCR (see Appendix 2 for
proof) and hence of GCR.

Let us see whal(h, ) should look like in light of the requirements Wwave
uncovered. First)(h, e) should be an increasing functionR{h|e) and a decreasing
function ofP(h). There are two natural ways fé{h, €) to meet these requirements,
namely, the difference-based measukeand the ratio-based measudas

Jo(h, €) = f(P(h|e)) - g(P(h))

proposition is extremely high (Williamson 2000.2d6). The reason is that when there is no relevant
evidence beyond the background assumption, there msitive justification at all for the propositi, no
matter how high its prior probability is.

8 There is one important difference in their applimas. The evidencein the degree of (incremental)
confirmation forh can be just the latest piece of evidence, whildetermine the degree of justification for
h properly,e must be the total evidence fothat is not in the background assumption.

° See Fitelson (1999, 2001), Crupi, Tentori, and Za¢er (2007) for the growing list of confirmation
measures.

19We assume that the propositiois not already certain, so it cannot the caseRffge) = P(h) = 1 to
makeJ(h, €) both neutral and maximal.



_ f(P(hle)

Jr(h, €)
a(P(h)
where botHf andg are increasing functions. The second set of reqents is equi-
neutrality and equi-maximality. If we set the nalitralue at zero and the maximum
value at one, then:

J(h, €) = 0 whenP(hle) = P(h)
J(h, e) = 1 whenP(hje) = 1

We need to adjust the difference-based meagg(tbse) and the ratio-based measures
Jr(h, €) to meet this second set of requirements.

We start with the difference-based measures. VAlele) = P(h), Jo(h, €) =
f(P(h)) —g(P(h)). Since this value should be zero regardles¥Iof, f andg should be the
same function. This means tldgt(h, €) = f(P(hle)) —f(P(h)). Further, wherP(hle) = 1,
Jo*(h, €) =1(1) —f(P(h)). Since this value should be one regardles¥lof, we need to
“normalize” Jp*(h, €) by dividing it byf(1) —f(P(h)), to obtainJy**( h, €) = [f(P(hle) —
f(P(h))] / [f(1) —f(P(h))]. This measure satisfies both the first and sdcsets of
requirements. We turn next to the ratio-based nreasu(h, €). WhenP(hle) = P(h), Jr(h,
e) =f(P(h)) / g(P(h)). Since this value should be zero regardles¥lof, we subtract
f(P(h)) / g(P(h)) from Jr(h, €) to obtaindg*(h, €) = [f(P(hl|e)) / g(P(h))] — [f(P(h)) /

a(P(h))] = [f(P(hle)) —f(P(h))] / g(P(h)). Further, wherP(h|e) = 1,Jr*(h, €) = [f(1) —
f(P(h))] / g(P(h)). Since this value should be one regardles¥lof, g(P(h)) should be
f(1) —f(P(h)), so thatlx**( h, €) = [f(P(hle)) —f(P(h))] / [f(1) —f(P(h))]. This turns out to
be the same alp**( h, €). So, whether we start from the difference-basedsuresp(h,
e) or the ratio-based measudkgh, €), we arrive at the same general formuigh, e) =
[f(P(hle)) —f(P(h))] / [f (1) —f(P(h))]. The remaining task is to determine the funcficso
thatJg(h, e) satisfies the General Conjunction Requirement.

This is not a trivial task. If we takkeo be the identity functiori(x) = x, then the
degree of justification will bdg*(h, €) = [P(hle) — P(h)] / [1 —P(h)].*! But Jg*(h, e) fails
to meet SCR (and hence GCR) evenrfer2, i.e. even when the conjunction has only
two conjuncts (proof omitted). The problem is sdi\® making a logarithmic function.
If we choose 2 as the base of logarithm, as ibmraon in measuring the amount of
information, then we obtain the following measdg&*( h, €):*?

Js**(h, e) = Ing P(h|e) - |ng P(h)
log,1-log, P(h)
_log, P(h|e) —log, P(h)
~ ~log, P(h)

Y This is the positive half of Crupi, Tentori, andi&alez’s (2007) measuFeof confirmation.

2 The assumption th&t(h) # 1 (see note 7 above) ensures that the denomindogs P(h) is not zero.



Jc**('h, ) meets GCR (see Appendix 3 for proof), so it measure of justification.
From now on, I will writeJg**( h, €) simply asJ(h, e).

Once we find a measure of justification, the neatural question is whether it is
the only measure of justification. It turned owttthere are many others, i.e. we can
construct many measures of confirmation that sa@ER and thus can serve as
measures of justification. Some of them differ frdf, €) in an interesting way. For
example J(h, €) has the infinite range ¢e; 1], while Atkinson’s (2009) measud4 h, €)
has the finite range [-1, 1]. However, it also drout that all measures of justification
are ordinally equivalent to each other, and thuXtipe) (see Appendix 4 for proof}.In
other words,J)(h, €) is the unique measure of justification, up toiwalequivalencé?

Two more remarks are in order. Fir3(, €) is related to the log ratio measure of
confirmation, which isC r(h, €) = log, [P(hle) / P(h)] if we choose 2 as the base of
logarithm. Note that the numeratorJgh, €) is the log ratio measure of confirmation, i.e.
log P(hle) — log P(h) = log, [P(hle)/P(h)]. The denominator al(h, €) is the highest
value ofC r(h, €) reached wheR(h|e) = 1, i.e. — log P(h) = log, [1/P(h)]. This means
thatJ(h, €) is the “normalized” log ratio measure of confitioa.'”

SecondJ(h, e) has a simple and intuitive meaning when we expitda the
language of information. According to the standaathematical theory of information,
the amount of information thatcarries id(h) = — log P(h). The rationale for this
measure is easy to see by an example. If the pilapaih the propositiorh is 1/8, then
the amount of information thatcarries id(h) = — log 1/8 = — log 2~ = 3. This means
that knowingh with certainty gives us 3 bits of informatidifh) is commonly referred to
as “self-information” because it is the amountrdbrmation orh that we gain when it
becomes certain thhtis true. Meanwhile, the amount of informationfothat we gain
when it becomes certain thais true is called “mutual information” and is dedd as
follows: I(h, €) = log, P(hle) — log, P(h).%° To see its intuitive meaning, suppose the prior
probability of the propositiorR(h), is 1/8 and the evidenegaises its probability to
P(hle) = 1/2. Then, the amount of mutual informatiom(ts €) = log, 2 ™ — log, 2 > = 2.
This means that we gain 2 bits of informationhomhen we obtain the evideneeThe
point to note is that the numeratorJf, €) is the mutual informatiof(h, €) = log, P(h|e)

13 See also Atkinson (2009) for the same result abthindependently with an illuminating alternative
proof.

1% |n footnote 6 we considered restricting the raofjéhe threshold to> 0. If GCR is restricted to> 0,
satisfying GCR does not guarantee that the meaapeasrdinally equivalent. For example, J&th, €) =

J(h, €) if P(hle) > P(h) butJ*(h, €) = P(hle) — P(h) otherwiseJ*(h, €) satisfies the restricted GCR, just as
J(h, €) does, but it is not ordinally equivalentd, €). We can restore ordinal equivalence by the
additional stipulation that for arjgh, €), j(h, €) = 0 if P(hle) < P(h). We can meet the additional stipulation
by converting any measujgh, €) that satisfies the original GCR injigh, €), which is identical tg(h, ) if
P(hle) > P(h), but zero ifP(hje) < P(h). Intuitively this means that we ignore differelegrees of
unjusification, which seems fine if our concern is whether weutdhadd a proposition to our body of
beliefs, for we should not add an unjustified prgijon no matter what its degree of unjustificatisn

15 Crupi, Tentori, and Gonzalez (2007) point out tmainy known measures of confirmation become
ordinally equivalent to their preferred measudrgee note 8 above) when they are “normalized, thoeit
log ratio measure is not one of them.

%1(x, y) is called “mutual” information because it follodiresm the definition thak(x, y) = I(y, ).
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—log P(h), while the denominator akh, e) is the self-informatiom(h) = — log P(h). So,
J(h, ) turns out to be the ratio of the mutual inforroatto the self-information:

I (h,e)
I (h)

Jh, e =

This expression allows us to interpdét, €) as the degree of justification in a natural
way. Self-informatiori(h) is the amount of information wegister when we addh to our
body of beliefs. Let’s call it “registered infornian.” Meanwhile mutual informatiot(h,
€) is the amount of information dnwe gain from the evidenee So, I call it “earned
information.” If we use this terminology, the degref justificationJ(h, €) is the ratio of
the earned information to the registered infornmatithe higher the ratio is, the more
justified we are in accepting (registering) thegwsition. This makes good sense if the
degree of justification is to serve the dual gdatagnition—to increase true beliefs and
reduce false beliefs.

5. The Conjunction Fallacy

This section applies the measure of justificatlm €) to the analysis of the conjunction
fallacy. The conjunction fallacy is the fallacyadsigning a higher probability to a
conjunctionh; O hy than to its conjundt; (or hy). Since the conjunctiom [1h; logically
entails the conjundty, the conjunction cannot have a higher probahilign the conjunct,
but it is well known that people are prone to colriims fallacy in certain contexts. The
most famous is the Linda problem (Tversky and Kafene 1983), in which the two
conjuncts are:

h;: Linda is a bank teller.
h,: Linda is active in the feminist movement.

The participants in the experiment receive theofeihg information:

e: Linda is 31 years old, single, outspoken, ang beight. She majored in
philosophy. As a student, she was deeply concesitbédssues of discrimination
and social justice, and also participated in antilear demonstrations.

Upon receiving this information, a large majorititioe participants answer thiat (1 hy,
is more probable tham, committing the conjunction fallacy.

Tversky and Kahneman explain the fallacy by theasgntativeness heuristic, i.e.
givene, most participants judge that Linda is more repméative of a feminist banker
than of a banker, and they solely rely on this judgt in assigning a higher probability
to hy [0h, than toh;. More formal analyses are also possible. Shafiitt§ and Osherson
(1990) propose that most participants focusikatihood, i.e. the conditional probability
of the evidence given the hypothesis. Accordinthi® analysis, most participants
compare the two likelihood3(elh; O hy) andP(elh;), instead of comparing the two
conditional probabilitie®(h; [1hy|e) andP(h;|e) as they should. Another possibility is
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that most participants focus on the degree of @iea between the evidence and the
hypothesis. We can make it a formal analysis bggihg in any of the many
probabilistic measures of coherence availableénithrature’ Yet another possibility is
that most participants focus on the degree of cowtiion (Sidest al. 2002), i.e. they
compare the degrees to which the evidence raisgsrtibabilities of the two hypotheses,
h; andh; Oh,. In support of this idea Crupi, Fitelson and Ten{®008) show that the
confirmation analysis isobust. That is to say, in Linda-like cases—which they
characterize by the two conditions @(|e [Ih;) > P(holh;) and (2)P(hile) < P(h))—the
evidencee confirms the conjunctioh; [1h, more than it does the conjurigtby any
measure of confirmation that has been proposed in the literature.

These analyses offer competing accounts of theitbogiprocess responsible for
the fallacy, in particular which features of thesedhe participants focus on, while | am
more interested in the conditions under which #ilacy is common. To use Marr’s
(1982) distinction, | am more interested in doenputation (the input-output relation)
that is accomplished than in thkgorithm for the computation. Despite their differences
in algorithm, the three formal analyses—nby likebldpby coherence, and by
confirmation—are similar at the computational levelfact they are formally equivalent
if we determine the degree of coherence by Shdgdap99) measurg(x, ..., X,) =
P O... Oxy) / [P(x1) x ... x P(X,)] and the degree of confirmation by the ratio nueas
Cr(h, & =P(h Oe) / P(h).® | have no reason to think these formal conditiares
seriously at odds with empirical data, but | gilbpose my own analysis. The reason for
the proposal is not a better fit with the empiridata but a better explanationvafy the
fallacy occurs.

Here is my proposal (the justification analysidf)eTconjunction fallacy is
common when the degree of justification for thejaoation is higher than the degree of
justification for the conjunct, i.€(h; [Thy, €) > J(hy, €). Sinceld(h, €) is also a measure of
confirmation, the proposal is a variant of the aonétion analysis. Given the robustness
of the confirmation analysis, it is not surpristhgt the justification analysis gives the
right prediction in Linda-like cases, i.e. when P{|e (0 h;) > P(h;|h;) and (2)P(h.le) <
P(hy), the evidence justifies the conjunction more thaloes the conjunct, dfh; [T hy,

e) > J(hy, €) (see Appendix 5 for proof), so that the conjunmetiallacy should be
common in Linda-like cases. The attraction of tnification analysis is its explanation
of why the fallacy occurs, viz. the fallacy occbecause we tend to utilize the cognitive
process appropriate for choosing better justifiegppsitions, even when that is not our
task. The justification-oriented process servegitha goal of cognition well, so its
persistent use is generally a good epistemic patiopvever, it causes trouble in cases
where our task is not to choose better justifiegppsitions but to choose mgueobable
propositions. The explanation makes the conjundatlacy understandable.

The justification analysis is compatible with diéat theories of the cognitive
process. One of the cognitive processes mentiodnedeamay be responsible for the
conjunction fallacy. If so, my proposal is that utdize that cognitive process, not

7 See Meijs (2005) for a survey.

8 That is to sayP(elh, O hy) > P(elhy) iff S(hy O hy, €) > Sy, €) iff Cr(hy O hy, €) > Cr(hy, €) (proof
omitted).
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because it guides us to choose propositions withenidegrees of representativeness,
likelihood, coherence, or confirmatiqer se, but because it guides us to choose
propositions with higher degrees of justificatitmother words, the computational
objective of the process is to choose better jestipropositions.

| want to note that although the justification as& makes the conjunction
fallacy understandable, | do not subscribe to the/that the conjunction fallacy (or the
“conjunction effect”) can be explained by semantidance (cf. Hertwig and Gigerenzer
1999). For example, | do not think that many peapierpret the word “probable” to
meanjustified and that their judgment is correct under thisrprietation. The betting
case provides strong evidence against the senstaunt. It is known that the
conjunction fallacy occurs even in betting caseas, many people are more willing to bet
onh; Ohp than onh; in the Linda case for the same reward (Tverskykattheman 1983,
p. 300). There is no semantic excuse for this biehaince the situation itself requires
the assessment of probabilities. Some people guetste reality of the conjunction
fallacy on other grounds. It has been reportedd¢hanging the problem structure—e.g.
expressing the problem in terms of frequenciegaddf probabilities—reduces the
occurrence of cognitive fallacies, including thegmction fallacy (Gigerenzer 1991).
But if the justification analysis is correct, thalacy should be less frequent in those
contexts where people are less accustomed to cigpbestter justified propositions
automatically. If this is born out, the reductiditlze fallacy in such contexts strengthens
the case for the justification analysis.

6. Conclusion

When we aim at the dual goal of cognition, the degf justification for accepting the
proposition should not be its conditional probapitiiven the evidence, as it is
commonly thought. We have compelling reason to adidpe) as our formal measure of
justification. It has a simple and intuitive meapigs the ratio of the earned information
to the registered information, and it is the onkyasure (up to ordinal equivalence) that
meets the General Conjunction Requirement. | ajr@aehtioned its relevance to the
lottery paradox and the preface paradox in Sedtjand showed how it helps the
analysis of the conjunction fallacy in Section hiother significant area of application is
logical closure of knowledge. Evenpflogically entailsg, the degree of justification for
g can be lower than that fpr as the conjunction fallacy exemplifies. This netrat
knowledge is not closed under (known) logical dntant if a certain degree of
justification is a necessary condition for knowledgsuspect that we need to reconsider
many issues of cognitive science and normative@pislogy in light of the new
understanding of epistemic justification.

Appendices

1. Equi-Neutrality
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Supposel(h, €), which is of the form(P(h|e), P(h)), is a continuous function, adh, €)
satisfies SCR. Then, for any two paits,<> and <y, >, if P(hj|e) = P(h) andP(hj|g)
= P(hy), thenJ(h, &) = J(h;, &).

Pr oof:

Let logp,, P(h)) =T, so thaf P(h)]" = P(h;).r > 0 because 0 R(h), P(h)) < 1. Since
J(h, e) is a continuous function, it suffices to showtttiee claim holds for any two pairs
<h;, &> and 4y, > such tha{P(h)]" = P(h;) whereq is a positive rational number. Let
<m, n> be the smallest pair of positive integers suet tim=q, so that

[P(h)]" =[P(h,)]™. Choose probabilistically independent (both undtoraally and

conditionally one) propositiond, ..., h,, and probabilistically independent (both
unconditionally and conditionally o) propositiondin.y, ..., hnem such that?

(i) [Ph)]" = [P(hy)]™

(i) P(h) =P(hy) = ... =P(hy)

(iii) P(h) = P(hns1) = ... =P(hem)

(iv) P(hile) = P(hule) = ... =P(he)

(v) P(hjlg) = Pnilg) = ... = POnemlg)

It follows from (ii) and (iv) thati(h;, ) = J(hy, €) = ... =J(h,, ). So, by SCR:
J(hi, &) =J(h,O... Ohy, &) Q)

Similarly, it follows from (i) and (v) thad(h;, ) = J(hn+1, §) = ... =I(hnem, ). SO, by
SCR:

J(h, ) =J(hn+1 O ... Ohnem, §) (2)
Sincehy, ..., h, are probabilistically independe(h; O ... Thy) = [P(h)]" from (ii).
Similarly, sincehp.y, ..., hym are probabilistically independe®(h,.; O ... Ohpey) =
[P(h)]™ from (iii). So, it follows from (i) that:

P(h]_ I:l e I:l hn) = P(hn+1 I:l e |:| hn+m) (3)
Sincehy, ..., hy are probabilistically independent conditionallyeP(h, [I ... Ohyple) =

[P(hi]e)]" = [P(h)]" from (iv) and from the conditioR(hi|e) = P(h) of the theorem.
Similarly, sincehn.1, ..., hn+m are probabilistically independent conditionally &P (hn.1

9 For example, think afi urns of colored marbles, for each of which thebptlity of drawing a red
marble is the same &gh;), andm urns of colored marbles, for each of which thebatlity of drawing a
red marble is the same Bgh;). To satisfy the conditiorB(hi|e) = P(h;) andP(hj|g) = P(h;) of the theorem
(in addition to (i) through (v)), the urns must have nothing to do wighand them urns must have nothing
to do withe,
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O... Ohnemlg) = [P(hle)]™ = [P(h)]™ from (v) and from the conditioR(h;|g) = P(h;) of
the theorem. So, it follows from (i) that:
P(hy O... Ohyle) = P(hner O... Ohnenle) (4)
From (3) and (4) it follows that:
JhO...0bhye) =31 0... Ohpem, €) (5)

From (1), (2) and (5) it follows thath;, e) = J(h;, §). [ ]

2. Equi-Maximality

Supposel(h, €) is a justification measure (i.e. a confirmatioaasure that satisfies GCR
and hence SCR). Then, for any two pains &> and <4, >, if P(hj|le) = P(hjg) = 1,
thenJ(h;, &) = J(h;, ).

Pr oof:

Assume without loss of generality th(h;) < P(h)). It follows from the conditiorP(hi|e)
= P(h;|g) of the theorem that:

J(hi, &) = J(h;, &) (1)

since the confirmation measul@, e) = F(P(h|e), P(h)) is a decreasing function Bfh).
Choose probabilistically independent propositibns.., hy such that:

(i) [P()]"<P(h)
(i) P(h) = P) = ... = Phy)

It follows from (ii) andP(hyjhy O ... Ohy) = ... =P(hslns O ... Ohy) = 1 thatd(hy, hy O ...
Ohy) = ... =J3(h,, hy O... Ohy). Buth;y, ..., h, are probabilistically independent, ang
..., hy are also trivially probabilistically independemnditionally onh; O... Ohy
becausd(h;jh, O ... Ohy) = ... =P(hy|ny O ... Ohy) = 1. So, by SCR:

J(h, hy O...Ohy) =3(hy O... Ohp, by O ... Ohy) (2)

Also, it follows from the conditio®(hj|g) = 1 of the theorem and froR(hJh, T ... [Thy)
= 1 thatP(hj|g) = P(hyJhy O ... Ohy). Further,P(h;) = P(hy) from (ii). So,

Iy, &) =J(hy, hy O... Ohy) 3)

It follows from (2) and (3) that:
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J(h, &) =J(y O... Ohy, by 0. Ohy) )

Meanwhile, it follows from (ii) thaP(h; O ... Ohy) = [P(h)]" sinceh, ..., h, are
probabilistically independent. But [R)]" < P() from (i). So,

P(hy O... Ohy) < P(h) )

while it follows from the conditio?(hjje) = 1 of the theorem and froR(h, (I ... O hp|hy
O...Ohy) =1 that:

P(hy O... Ohglny O ... Ohy) = P(hi|e) (6)
It follows from (5) and (6) that:
Jh, O... Ohy, by O... Ohp) 2 J3(h;, &) (7)

since the confirmation measul, €) is a decreasing function B{h). It follows from
(4) and (7) that:

J(hy, &) = J(hi, &) (8)

It follows from (1) and (8) thal(h;, &) = J(h;, &). [

3. General Conjunction Requirement

Supposdy, ..., h, are probabilistically independent (both unconditily and
conditionally one) andP(hy), ..., P(h,) < 1. Then, (i) ifJ(hy, €), ..., I(hn, €) = t, thenJ(h;
O... Ohn, € 2t; (ii) if I(hg, €), ..., I(hn, €) <t, thend(hy O... Ohy, €) <t.

Pr oof:

Jh.O... Oh e):'ngp(hﬁ---imIe)—logzP(hlE...[m
e “log, P(h O...0N,)

_log, [],,P(h I&)-log, [],P(h)
~log, [, P(h)
_ > log,P(h|e)->"" log, P(h)
- log, P(h)
_ 3" llog, P(h |¢) ~log, P(R)]
> ~log, P(h)

[from independence]

(1)
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(i) Supposel(hy, €), ..., J(hn, €) =t. Then, fori = 1, ...,n, there is somer; = 0 such that:

J(h e) — logz P(h | e) B lng P(h)
" - log, P(h)
=t+ a;

So,

log, P(hile) —log P(h) = (t + a1) [-loge P(h)] (2)

By plugging (2) into (1) above, we obtain:

~(t+a,)[~log, P(h)]
> ~log, P(h)
_tY " —log, P(h)+>"" a[~log, P(h)]
) > -log, P(h)
> a[-log, P(h)]

> ~log, P(h)
>t [from a; = 0 andP(h) < 1]

JhiO... Ohy €)= 2

=t+

(i) Suppose nexd(hy, e), ..., J(hn, €) <t. Then, fori = 1, ...,n, there is somg > 0 such
that:

J(h e) — |ng P(h |e) - |ng P(h)
" ~log, P(h)
= t_/gl

So,
log P(hile) — log P(h) = (t - /) [~ log. P(h)] 3)
By plugging (3) into (1) above, we obtain:
Jh,O... Ohy, € = 2t n‘ﬁi)[—log2 P(h)]
Zi=l_ log, P(h)

t>" ~log,P(h)->"" B[-log, P(h)]
Zin:l_ |092 P(h)
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_,_ 2 Al-log, P(h)]

> ~log, P(h)
<t [fromgG >0andP(h)<1] =

4. Ordinal Equivalence

Supposd(h, €) = F1(P(hle), P(h)) andJx(h, €) = F»(P(h|e), P(h)) are both continuous
functions that are measures of justification. Thbay are ordinally equivalent to each
other, i.e. for any two pairshs > and <4y, >, Ji(hi, €) < (=, >)Ji(h;, ) if and only if
Ji(hi, @) < (=, >)d(h;, 8).

Pr oof:

Let log,,, P(h;) =T, so thaf P(h)]" = P(h; ) r > 0 because 0 R(h), P(h)) < 1. Since

Ji(h, € = F1(P(h|e), P(h)) andJx(h, €) = Fx(P(h|e), P(h)) are continuous functions, it
suffices to show that the claim holds for any tvearp <, &> and <4y, 6> such that
[P(h)]* = P(h;) whereq s a positive rational number. Letn<n> be the smallest pair of

positive integers such thafm=q, so thaf P(h)]" =[P(h,)]". Choose probabilistically

independent (both unconditionally and conditionaltye*) propositionsh;, ..., h,, and
probabilistically independent (both unconditionadlyd conditionally om*) propositions
hist, -+, Nnem Such that®

() [P()]" = [P(h)]™

(i) P(h) =P(hy) = ... =P(hy)

(iii) P(hy) =P(hns1) = ... =P(hnsm)

(iv) P(hile) =P(hsje*) = ... = P(h,[e¥)

(v) P(hle) =P(hn.lg*) = ... = P(hnemlg*)
It follows from (ii) and (iv) thatly(h, &) = Ji(hy, @*) = ... = J1(hn, €%). S0, by SCR:

Ji(hi, @) =d(h, O... Ohy, %) (D)
Similarly, it follows from (iii), (v) and SCR that:

J(h, ) = (Moo O ... Ohem, 6%) )

20 For example, think af urns of colored marbles, for each of which thebptality of drawing a red
marble is the same &gh;), but given the evidenag* that then urns belong to a certain type, the
probability of drawing a red marble is the sam@®g@gle). Similarly, think ofmurns of colored marbles,
for each of which the probability of drawing a madrble is the same &gh;), but given the evidence
g*that them urns belong to a certain other type, the protiginli drawing a red marble is the same as

P(hle).
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Sincehy, ..., h, are probabilistically independent, it follows frdii) thatP(h, O ... Ohy)
= [P(h)]". Similarly, sincéhy.1, ..., hn+m are probabilistically independent, it follows from
(iii) that P(hne1 O ... Ohpem) = [P()]™. But [P(h)]" = [P(h)]™ from (i). So,

P(hl |:| |:| hn) = P(hn+l |:| |:| hn+m) (3)

Meanwhile, sincén, ..., h, are probabilistically independent conditionallyepn it
follows from (iv) thatP(h,; O ... Ohyle*) = [P(h|e)]". Similarly, sinceéhn.y, ..., hnem are
probabilistically independent conditionally e, it follows from (v) thatP(h,.1 O ... O
hn+m|q*) = [P(hjqul " So,

P(hy O... Ohyle®) < (=, >) P(hnet O ... Ohnemlg®)
iff [ P(hile)]" < (=, >) P(hlg)]™ 4)

SinceJy(h, €) = F1(P(hle), P(h)) is an increasing function &f(h|e), it follows from (3)
and (4) that:

Jl(hl |:| |:| hn, a*) < (=, >) Jl(hn+]_ |:| |:| hn+m, q*)

iff [ P(hile)]" < (=, >) P(hlg)]™ 5)
It follows from (1), (2) and (5) that:
Ju(hi, @) < (=, >)du(h;, g) iff [P(hile)]" < (=, >) P(hjle)]" (6)
By the same reasoning,
J(hi, @) < (=, >)3(h;, ) iff [P(hile)]" < (=, >) P(hjle)]" (7)

It follows from (6) and (7) that:

Ju(hi, @) < (=5, >)du(hy, g) iff Jo(hy, &) < (=, >)Jz(h;, €) n

5. Conjunction Theorem
Supposé(h), P(hh) # 1. ThenJ(hi Ohy, €) > J(h;, €) iff I(h;, elh) > (i, €).7
Lemmal: I(x Oy, 2) =1(x, Zy) + I(y, 2

Lemma2: I(x Oy) =1(X]y) + I(y).

ZLI(x, YI2) 4e= 1(%, Y]2) / 1(X|2) is the degree of justification for adding the pwsitionx to the accepted
propositionz given the evidence (X, Y|2) 4e= l0g P(Xly O 2) — log P(x|2) is the amount of mutual
information between andy whenz is already acceptet{x|2) 4= — 0% P(X[2) is the amount of self-
information ofx whenzis already accepted.
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Corollary: If (i) P(hile) < P(hy) and (ii) P(hzle Ohy) > P(hylhy), thend(hy T hy, €) > J(hy,
e).

Proof of Lemma 1:

I(xOy, 2 =log P(x Oy|2) — log P(x Oy)
=log P(xly 02) P(y|2) — log P(xly) P(y)
= [log P(xly 02) + log: P(ylz)] — [logz P(xly) + log: P(y)]
= [loge P(xly D2) — log P(xly)] + [logz P(y|z) — log: P(y)]
=1(x, zly) + I(y, 2 [
Proof of Lemma 2:

I(xOy) =—log P(x Oy)
=—log P(xly) P(y)
= — [log P(xly) + log P(y)]
= 1(xly) +1(y) n

Proof of the Conjunction Theorem:

I(hCh,e) 1(h,e

I(h Ohy)  1(h)

_I(h,efh)+1(h,e) 1(h,e)
I(h [h)+1(h) I(h)

_[I(h,efh) +1(h.e)i(h) -1 (h.e)l(h [h)+1(h)]

[1(h; [h) +T(M)IT(R)
_(h,elm)I(h)-1(h.e)l(h |R)
[1(h; [h) +1(h)](h)

J(hy O hj, e) —J(h,e) =

[from Lemmas 1 and 2]

But I(h|h), I(h;) > O from the assumptid(h;), P(hj|hi) # 1. So,

J(hi Uhy, €) > I(hy, €) iff 1(hy, elhi) 1(hi) > 1(hy, €) [(hy]h)
iff I(hi’elh) > I(h’e)
I(h[h)  1(h)
it 3h, elh) > Jh, © .

Proof of the Corollary:

I(hy, €) = log P(hyJe) — log P(hy) < O from (i), whilel(h;) > 0 from the assumption. So,
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J(hl,e):%w 1)

I(hy, €ln1) = log P(hyle O hy) — log P(hy|hy) > 0 from (i), whilel (hylh;) > 0 from the
assumption. So,

_1(h.e[h)
J(h, =—4—>0 2
(hoelh) =i+ @)
It follows from (1) and (2) that:
J(hz, elny) > J(hy, €) 3)
It follows from (3) by the Conjunction Theorem tligh; [Thy, €) > J(hy, €). [ ]
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